A set of functions/i(z),
• ■ • , /m(z) are algebraically dependent if there is a polynomial P(wi, ■ ■ ■ , wm) with complex coefficients for which P(fiiz), ■ ■ • , fmiz)) = 0. In a previous paper (Hilliker [2] ) conditions were established under which m functions/i(z),
• ■ • ,/m(z) of a complex variable z are algebraically dependent. It was assumed that/i(z),
• • • ,/m(z) are analytic at one point and that the functional values/^(z,) (ji=l, 2, ■ ■ ■ , m; v = l, 2, 3, • • • ) at a convergent sequence of distinct points {z"} are algebraic. Let Hif"iz")) denote the height of the algebraic number/M(zr); that is, the maximum of the absolute values of the (integral) coefficients of the minimal polynomial for/M(z,,). Let deg/"(z>.) be the degree of/"(z"). Then, roughly speaking, if 77(/M(z,)) and deg/"(zv) for u= 1, • ■ • , m and v=va + l, v0 + 2, ■ ■ ■ , are not too large and if the sequence {zv} converges sufficiently rapidly,/i(z), ■ • • ,/m(z) are algebraically dependent. In this paper we wish to relax the restriction on the size of i7(/,,(z")) and deg/)J(zv) and on the rate of convergence of {zv}. This is accomplished by assuming that the functions /i(z), • • • , /m(z) are simultaneously analytic in the complex and £-adic sense at some point. All of the theorems concerning algebraicness and algebraic dependence in the paper Hilliker [2] lend themselves to £>-adic generalizations. To illustrate the type of extension that is possible we shall generalize Theorems IV and VII.
Let Q denote the field of rational numbers. We remind the reader of the following concepts. For a/bEQ we can write, for a given prime p, a/b=paa'/b' where a' and b' are not divisible by p and where a. is an integer. The p-adic valuation of a/b is \a/b\p = p~a. The completion of Q under this valuation is the £-adic number field Qp which is analogous to the field of real numbers which is the completion of Q under the ordinary absolute value. The analogue of the field of complex numbers is obtained by taking the algebraic closure of QP and then completing this field under the extension of the £-adic valuation. We denote this field by Qp. It is now possible to consider analytic functions over &p. If a function /(z) is given by a power series with coefficients which are in the complex field and £lp, that is, if/(n)(0) is in both fields for n = 0, 1, • • • , then /(z) may be considered to be simultaneously a function of a complex and a p-adic variable. For
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use instance the coefficients could be rational. In fact, it is meaningful to speak of an algebraic number as belonging to both flp and the complex field. Indeed let a be algebraic. Hence (4) holds. We shall now show that if 0(z) =0 for z = z,^i, ■ ■ ■ , z",+ni then qbiz)=0 for z = z"0+ni+i if ni = n and n is sufficiently large. By applying the maximum principle to the analytic function
in some small closed disk about the origin we obtain an upper bound for |0(z"(H.),1+i)|f. An upper bound for the conjugates can be obtained directly from (3). Let K be the denominator of 0(z"o+"1+i). Then if we combine these estimates we conclude that the norm of the algebraic integer K4>iz¥t¥H1+i) satisfies II I NiKd>izVt+n1+1)) \v If p(F) ^ 1 for some V we see by (2) that the right side of (7) is less than 1. Thus 0(z"o+ni+i) =0 for otherwise the left side of (7) would be at least 1. Thus </>(z) vanishes at the entire sequence zvv+i, z"0+2, ■ ■ ■ and hence it must be identically zero. If p(F) = 1 for each V, then the term The proof is similar to that of Theorem 1.
